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Abstract 
In this study a special three-dimensional interface element has been formulated for stress and displacement 
analyses in bonded joint between two adjacent plate bending and brick elements. Interface element has 16 nodes with 
5 degrees of freedom in each node adjacent to plate bending element and 3 D.O.F in each node adjacent to brick 
elements. The interface element has ability to transfer three translations from each side of interface element and two 
more rotations in the side adjacent to the plate element. Stiffness matrix of this element was formulated and 
implemented in three dimensional finite element code. 
Using experimental and numerical work of strengthened RC concrete beams carried out by researchers, application 
of this element including variation of deflection, slip between plates and bricks, normal and shear stresses 
distributions in FRP plates have been verified. The results show, that this interface element is effective and can be 
used for structural components with this type of interface element.  
© 2011 Published by Elsevier Ltd.  
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1. Introduction 
The use of fiber reinforced polymers plates in the RC members are by now is well-established 
technique used to strengthen reinforced RC members in shear and flexure. Application of these type of 
strengthening to concrete beams have  been reported  in numerous scientific work , such as:  Sharif et 
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al.(1994),Grace et al.(1999), Rahimi and Hutchinson (2001), Seim et al.(2001). Also more recently 
several experimental studies such as Guido et al.(2007),   Barbato (2009) and Yasmeen  et al.(2010) have 
indicated that bonding FRP plates to the RC members is a very effective technique to upgrade the 
capacity of RC members. 
A few researchers such as Ebead and Marzouk (2004) have modeled the behavior of the concrete– FRP 
interface, using fine mesh for modeling the adhesive layer. However, most researchers who have studied 
the behavior of retrofitted structures have ignored the effect of the interfacial behavior between FRP 
plates and concrete at all, such as: Hu et al. (2004).  
This study deal with three-dimensional interface element developed for stress and displacement 
analyses in adhesively bonded FRP plates. The element has 16 nodes with 5 and 3degrees of freedom in 
each node for nodes adjacent to plate bending element and brick respectively. The proposed element has 
ability to model and transfer translations and rotations. Application of element is shown by analysis of 
strengthened FRP reinforced concrete beam. The behavior of strengthened beams, including variation of 
deflection, slip between plates and concrete, shear stresses distributions in FRP plates shows the ability of 
this element in capturing the interfacial behavior between the FRP plates and concrete.  
2. Proposed finite element model 
The following elements have been used for modeling in this study. 
(a) Plate bending element with 5 D.O.F for modelling the FRP plates. Viladkar et al.1992) 
(b) 20 node isoparametric solid brick elements to represent the concrete.  
(c) Truss-linkage element to model the bars and slip between bars and concrete The detail formulation of 
this element presented somewhere else, Kohnehpooshi et al. (2010-a). 
(d) Interface element which is sandwiched between plate bending element and concrete brick element. 
Formulation of this element is presented in the following section. 
2.1 Formulation of the interface element between concrete and FRP 
This interface element is developed to connect two plate and brick elements together and has 16 nodes 
as shown in figure 1(a). It connects 8 nodes of the top brick element and 8 nodes of the bottom plates with 
identical coordinates. It’s mechanical action for nodes adjacent to the plate is represented by 5springs, 
including 3 orthogonal and 2 rotational springs to as shown in figure 1(b). Mechanical action for nodes 
adjacent to the brick is represented by 3 orthogonal springs as shown in figure 1(c). The procedure for the 
derivation of stiffness matrix and forces is given below.  
Let X, Y, Z, and X’, Y’, Z’, be the global and the local co-ordinate systems respectively. The direction 
cosines of the local axis (X’, Y’, Z’) with respect to global axes (X, Y, Z) are (l, m, n), (p, q,ș) and (r, s, t). 
Let line PQ which connects the nodes 4 to 8 be the element line to define the cosine direction as shown in 
figure 1(d). Derivation for only one link node translation is similar to derivation for link element 
developed by Ahmad (1987). Ahmad element, linked bar element to the adjacent continuum only in one 
node.  In this study element extended for interface element between brick and plate bending element 
adding two rotational springs for each link in adjacent to plate element and assembly of eight links to one 
stiffness matrix as interface stiffness matrix.   
Let hS' , vS' , lS' , xT' and zT' be the incremental slips in the horizontal, vertical, lateral, rotational 
around x and rotational around y directions of the plate bending element. The incremental relationship 
between the slip and the nodal displacements can then be written as: 
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Where T is the transformation matrix, i and j are the element nodes    
 
Figure 1:  (a) Interface element between brick element and plate bending elements (b )Nodes adjacent to 
plate (c) Nodes adjacent to brick (d) Direction cosine of the line PQ 
The local incremental bond stress and bond-slip may be written as:
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Where Eh, Ev, El, xET , zET  are the bond-slip modulus in the five directions. bV'  and S' are the 
incremental bond stress and slip from a specified bond-slip curve. 
 
Assuming bond stresses as average stresses along the area of the each node, and identical loading surface 
at each node, the incremental nodal force and the stress relation can be written as:
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ei TAP V' ' )8/(         A= surface area of the plate.                      (3) 
Now the relationship between the incremental nodal forces and the incremental displacements are:  
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The finial stiffness matrix is included of 8 link elements. stiffness matrix will be 64×64 as follow: 
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In this study, the bilinear bond-slip model [25], as shown in figure 2, is adopted. More detail of this 
model and  review of bond–slip models for FRP plates and concrete can be found in [25]. 
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Figure 2: Bilinear bond–slip model 
 )  if      ,     if      (7) 
Finite element computer code has been written in FORTRAN language . The above discussed 3-D 
elements further added to the element library of the code as work of kohnehpooshi (2010-b).   
3. Analysis of FRP strength reinforced concrete beams 
To show the application of the proposed element, experimental work of Rahimi and Hutchinson (2001) 
has been selected for numerical analysis. Beams B1-2 were used as control specimens. Material 
properties and Geometric properties for these beams are presented in Table 1 and  2 respectively. More 
details can be obtained from Rahimi and Hutchinson (2001). A beam specimen as shown in figure 3 is 
modeled with the three-dimensional finite element. The analysis is linear and sufficient to demonstrate the 
application of element. 
Table 1: Properties of Materials Used 
Property Concrete GFRP CFRP Epoxy Steel 
Modulus of elasticity, E (GPa)  25 36 127 7 210 
Tensile strength, ftu (MPa)     3 1074 10532 25 -- 
Compressive strength, f 0 c (MPa) 61 --  -- 70 -- 
Poisson’s ratio 0.2 0.3 0.3 0.3 0.3 
Table 2: Geometric properties of beams 
Property Type of external reinforcement and plate thickness Cross-sectional  area of  plate (mm2) 
B1-B2 NONE ----- 
B3-B4 CFRP laminate, 2-ply (0.4 mm) 60 
B7-B8 GFRP laminate, 12-ply (1.8 mm) 270 
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Figure 3: Three-dimensional beam geometry, finite element mesh and boundary conditions  
3.2 Verification of proposed model  
Comparison of mid-span normal deflection in the linear region between the experimental works of 
Rahimi (2001), numerical study of Carlos et al. (2006) and present study are shown in figure 4. As 
depicted in the figure 5 almost similar results for deflection in the linear region can be found.  
 
Figure 4: Load mid-span Deflection for, Rahimi (2001), Carlos (2006), and present study 
Normal deflection of beams B1-2, and B3-4 with bond model along the beams length are plotted in 
figure 5(a) and 5(b). It is seen from that figures that maximum deflection of control beams B1-2 under 
40KN is 3.4 mm. This amount decreased to 2.6mm for beams B3-4, equal to 27 % decreasing.  
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(a)B1-2 ( b ) B3-4 Interface analysis 
Figure 5: Deflections of Beams (a) B1-2,  (b) B3-4 with interface element  
3.4 Slip analysis between plate Layers and concrete  
Slip between plates and concrete beam in the adhesive area are plotted for strengthened beams in 
figures 6 (a) and (b). As shown in these figures there are clear distribution of slip between concrete and 
FRP plates i.e. slip is related to the shear stress. In the area of maximum shear the beams have maximum 
slip and in the region of zero shear stress, zero slip can be considered. figures 6(a) and (b) show ability of 
the proposed element to model interfacial behavior between FRP plate and concrete. 
(a)B3-4 ( b ) B7-8 Slip 
Figure 6:  Slip between FRP plate and concrete in adhesive region for strengthened beams 
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Figures. 7(a) and (b) show the variation of the shear stress Ĳxz. The shape of slip and this in-plane shear 
stresses are almost similar and they are related with some coefficient in the linear region. In the mid span 
between two concentrated loads where beams have pure bending, value of shear stresses are zero, as 
depicted in figure 7(a) and (b). Almost same value of shear distribution can be seen in the figures for both 
types of strengthened beams. The results show although the strengthening reduce considerable amount of 
deflection so reduce the stresses,  compare to the beams without strengthening, but the type of 
strengthening have no significant effect on the values of reductions. 
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Figure 7: Shear stresses Ĳxz in the adhesive region 
4. Conclusions 
In this study a special proposed three-dimensional interface element has been formulated for stress and 
displacement analyses in bonded joint between two adjacent plate bending element and brick element.  
Interface element has 16 nodes with 5 degrees of freedom in each node adjacent to  plate bending 
elements and 3 degrees of freedom in each node adjacent to brick elements. The interface element has 
ability to transfer three translations from each side of interface element and two rotations in the side 
adjacent to the plate element. Stiffness matrix of these elements were formulated and implemented in 
three dimensional finite element code. 
Distributions of the deflection, slip, normal and shear stresses have been plotted. Reasonable 
distributions of slip, deflection, shear and axial stress in the FRP plate have been found. These results 
show that this interface element is effective and can be used for structural component with this type of 
interface elements. The nonlinearity of this program is in progress. 
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